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Abstract 

We construct chiral = (1,0) self-dual supergravity in Euclidean eight- 
dimensions with reduced holonomy Spin{7), including all the higher-order interac- 
tions in a closed form. We first establish the non-chiral A^ = (1,1) superspace 
supergravity in eight-dimensions with 5*0(8) holonomy without self-duality, as the 
foundation of the formulation. In order to make the whole computation simple, and 
the generalized self-duality compatible with supersymmetry, we adopt a particular set 
of superspace constraints similar to the one originally developed in ten-dimensional 
superspace. The intrinsic properties of octonionic structure constants make local su- 
persymmetry, generalized self-duality condition, and reduced holonomy Spin{7) all 
consistent with each other. 
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1. Introduction 

One of the most important conclusion out of M-theory [1] is that reahstic four-dimensional 
(4D) theory with chiral fermions can emerge out of IID supergravity, when the ex- 
tra 7D dimensions compactify with the reduced holonomy G2 instead of the maximal 
5*0(7) [2] [3] [4] [5] . This has motivated the recent studies of similar manifolds with reduced 
holonomy, such as 8D with Spin{7) holonomy, or G2, SU{3) and SU{2) holonomies 
in 7D, 6D and 4D [2] [3] [4] [5] . In particular, the peculiar property of octonions plays an 
important role in the case of Spin{7) and G2 holonomies [6]. 

For these manifolds with reduced holonomies, it is well-known that certain self-duality 
conditions for spin connection play crucial roles [2] [3] [4]. Moreover, the 7D manifold with 
G2 holonomy in the compactification of IID supergravity should be compatible with local 
supersymmetry, as confirmed by surviving supersymmetry [4] [5]. A natural question that 
follows is how to make local supersymmetry compatible with self-duality conditions with 
such peculiar reduced holonomies on these manifolds. In other words, the question is how 
to construct self-dual supergravity theories with reduced holonomies on these manifolds. In 
the case of self-dual supergravity in 4D, the situation was easier [7] [8], because there was no 
such complication as reduced holonomy. In higher-dimensions, however, reduced holonomies 
are present, and it becomes more involved to handle them in the presence of self-duality 
conditions. In this direction, there have been some trials, such as using BRST or topological 
symmetry as the guiding principle for getting self-dual supergravity in 8D or 7D. However, 
to our knowledge, there has been no complete self-dual supergravity theory in 8D or 7D 
with desirable reduced holonomies Spin{7) or G2 [2], including all higher-order terms, 
based on octonionic structure constants [6] [4] . For example, in ref . [9] , only the lower-order 
term level computation has been done, while higher-order non-trivial interactions have been 
postponed for future studies. The reason seems to be that even though such a formulation 
looks simple in terms of cohomology at the lowest order, it soon gets extremely involved 
at cubic interactions or at quartic fermion terms. Moreover, the lagrangians obtained in 
the topological formulation in [9] are always with gauge-fixings, and hence are not gauge- 
invariant. 

In this paper, we will present the first complete formulation of self-dual supergravity in 
Euclidean 8D with the reduced Spin{7) holonomy. Even though we are all sure that such a 
theory must exist in a complete, closed and consistent form, we also know that actual compu- 
tation would be considerably involved. It turns out to be more than a simple straightforward 
computation, but it needs more special technology to handle non-trivial higher-order inter- 
actions. What we will perform in this paper is to accomplish this difficult mission, namely, 
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to complete the self-dual supergravity in 8D with the reduced holonomy Spin{7), that in- 
cludes all the higher-order interaction terms, in a self-contained way consistently formulated 
in superspace. 

As a technical tool, we will adopt a very special set of constraints analogous to so-called 
'Beta- Function- Favored Constraints' (BFFC), which was originally developed for consider- 
ably simplifying complicated /5 -function computations for Green-Schwarz superstring in 
lOD [10]. In lOD, this set of constraints in superspace is so powerful that all the one-loop 
/3 -function computation in lOD is reduced just to a single tadpole diagram to evaluate. We 
will see how drastically this particular set of constraints simplifies our computation, as well 
as makes the supersymmetrization of self-duality conditions possible in 8D with the reduced 
holonomy Spin{7) . 

2. N = (1, 1) Supergravity in Euclidean 8D 

Before formulating a chiral N — (1,0) superspace with supersymmetric self-duality, 
we first construct non-chiral N — (1, 1) superspace in Euchdean 8D. It is well-known 
that the set of constraints in a superspace formulation for a given supergravity with fixed 
field content is not unique. This is due to possible super- Weyl rescalings that can connect 
different sets of constraints [11]. Our Euclidean 8D case is not an exception here. However, 
we found that there is a very special set of constraints that are most convenient for imposing 
supersymmetric self-duality conditions in the next section. This is an 8D analog of the BFFC 
originally developed in lOD [10]. This set of constraints greatly simplifies the computation, 
because fermionic components of supercurvatures disappear, and/or no exponential factor 
with the dilaton field arises in any of constraints [10]. 

The field content of our = (1, 1) non-chiral supergravity multiplet is (em'*, 'ipm.-, Cmn, 
Am, Bm,X^7V)- This field content is formally the same as the Minkowskian case [12]. The 
component fields Am, Bm and Cmn have the respective field strengths Fmn, Gmn and 
Hmnr- We somctimcs Call x dilatino, while dilaton. Here we use the under/mec? spinorial 
indices a, f3_, ■■■ = i, 2, w in order to distinguish other chiral indices to be used later. These 
indices are also used for fermionic coordinates as usual in superspace [13], while the indices 
m, n, ■■■ = 1, 2, 8 arc for curved bosonic coordinates, and a, b, ■■■ = i, 2, s are for local 
Lorentz bosonic coordinates. In the Clifford algebra for Euclidean 8D, we have a symmetric 
charge conjugation matrix which can be identified with an unit matrix: C^/j = so that 
the raising/lowering of spinor indices will not matter, even though we sometimes use their su- 
perscripts/subscripts simultaneously, whenever convenient, such as making contractions are 
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more transparent. Relevantly, we have the symmetry (7|-^-|)a/3 = +(— l)"^" ^^^'^{'y^^-^)f3a [14], 
where the symbol [n] implies the totally antisymmetric bosonic indices: 7,. -, = 7ai...o„- 

The Bianchi identities (Bids) to be satisfied in our superspace are^ 

IViaTbc)'' - \Tiab\''Te\c)'' - \RiAB\f%Mj)\cf = , (2.1a) 
|V[A-f^BCD) — jT^abi^Heicd) + jF^abFcd) — \GiabGcd) = , (2.1b) 

l^lAFBC)-mAB\''FD\C) = , (2.1c) 

^V[aGbc) — \T^ab\^Gd\c) = . (2- Id) 

After trial and errors, we have found the following BFFC set of constraints in 8D: 

Ta^' = -^(7')a^ , (2.2a) 

Hapc^ —■^{l(^gfi , ' G^a^ = +75(79)0^ , (2.2b) 

^^-= (^")^^(^'^^)-+ (^9)^(^9^)-- ' (2-2c) 

Tab'^ = , Habc = , Fab = , Ggb = , (2. 2d) 

T^b^ = -l{Y%^Hbcd - -^(l%^Fbc - ^(797la^G5e , (2.2e) 
- +75^^ ' (2.2f) 

^^X^ = -7l(7'^)a^Ve(^ + ^(7^'la^^cde - ^,iY')aiF^ " ^ (797^')a^a<i 

T;^'^ +2/7,6^ , (2.2h) 
Ra^cd = -V2i5^Fcd - V2i{'yg)apGcd , (2.2i) 

at the mass dimensions d < 1. Here 7 = 7172 ■ ■ ■ 78, and Xr 1 = ixir iX)- There are two 
important features in these constraints. The first feature is that the fermionic components 
Hgbc, Fab, Gab are absent. Usually these contain linear dilatino, but in our BFFC these 
components vanish. This is also related to the second feature that no exponential factor 
with the dilaton appears anywhere in our constraints. This is very similar to the lOD case 
[10]. Even though we skip details, we mention that the most frequently-used relationship in 
these computations is the Fierz identity 

(7a) (q^(7")7)5 = '^(a^'^TM ~ (79) (0^1(79)17)5 ' (2-3) 



■^As has been well-known [15], the supercurvature Bid ViaRbc)/!^ H = holds automatically, once 

all of the Bids (2.1) are satisfied. 
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Some of the Bids at d > 3/2 are related to superfield equations. The remaining 
constraints are 



Rabcd = +i{lbTcd)a , (2.4a) 

V^Tkb- = —\{'y'^'^)-f-Rcdab + ^(y''^)-r{FabFcd — GabGcd) + {l9)-f'Fc\_aGb'\c 



3i_ 



TabjX- + {l^'TabUlcX)- + Wab\{l9X)- ' Tab'X, ' S/{TabX) 



, (2.4c) 



where expression such as {'jbTcdj-y imphes the involvement of the gravitino superfield strength 
Ted-, like {'^bTcdj'y = {lb)'y5Fcd-- These lead to the gravitino and gravitational, or tensor 
superfield equations 

i{l''Tab\ + V6zV„x, - "fil^'x^Hahc - V2>i{l\\Fab - V2>i{^^^\)^_Gab = , (2.5a) 
Rab - liF^cFb" - GacGb") + 2a/3V„V,(/^ = , (2.5b) 
R^ab-\ = 2VcHab' = - 4x/3i/„(.^Ve<^ - VQi{T ^bx) ■ (2.5c) 

The symbol = indicates a superfield equation of motion. The first equahty in (2.5c) can 
be obtained from the T-BId (2.6a) below at d — 2. Relevantly, the superfield equations 
for dilatino and dilaton are obtained by taking the multiplication of (2.5a) by 7" and the 
trace of (2.5b), respectively which are skipped here. 

There are several remarks in order. First, note the peculiar form of (2.4a), which corre- 
sponds to the supersymmetry transformation of the Lorentz connection (pbcd- The point is 
that the indices cd are on the gravitino superfield strength T^d-, which is made possible 
by the particular choice of the bosonic supertorsion component (2.2h) (Cf. also section 4). 
Second, similar feature is found in the component Rai3cd (2.2i), where the pair of indices 
cd appears on the superfield strengths F^d and Gcd- Third, note the particular order of 
indices cdab on the Riemann supercurvature Rcdab in (2.4c). To reach this form, we made 
use of the identities 

-R[abc]'^ = — 2V[ai/bc]'^ + 4i/[a6|''-f^e|c]'^ , (2.6a) 

Ra\bcd\ = -^^aHbcd + \F[abFcd] " \G\abGcd] , (2.6b) 
Rabcd — Rcdab — " 2V[a-ff6]cd + ^Hab^Hecd + 4ifc[a|^-f^e|6]d 

— '^FabFcd — Fa[cFd]b + 2GabGcd + GalcGdjb ■ (2.6c) 
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Eq. (2.6c) is verified based on (2.6b), while the latter is confirmed by (2.6a) which is nothing 
but the T-BI at d — 2. We need the last pair of indices ab free, instead of the first pair 
cd on Rcdab for the following reason. As will be seen, we can not impose the self-duality 
on the first pair of indices of Rcdab, but only on the last one. This is consistent with the 
self-duality to be imposed on Ted-- 

3. Self-Dual N — (1, 0) Supergravity in 8D with Reduced Holonomy Spin{7) 

The non-chiral N — (1, 1) supergravity we have estabhshed can be a good starting 
point for the construction of = (1, 0) chiral self-dual supergravity in 8D. Our approach 
in superspace is analogous to the self-dual supergravity in 4D [7] [8], in the sense that the 
chirality of fermions plays an important role. Our formulation is also a local supersymmetric 
generalization of our previous globally supersymmetric self-dual Yang-Mills theory in 8D 
[16], where the peculiar feature of octonionic structure constants [6] was shown to play an 
important role for self-duality. 

Our first prescription is to impose the chirality conditions x° = and T^b" = on 
fermions, where we use undotted (or dotted) indices for the positive (or negative) chirality. 
Needless to say, the ranges of indices are a, (3, ■■■ = i, 2, 8 and a, ■■■ = i, i, 8, so that 
a = {a,a), /3 = (/3,/3), Wc also usc the Symbol = to elucidate the constraints related to 
supersymmetric self-duality. This setup is similar to 4D self-dual supergravity [8]. Our 
next natural conditions are the self-dualities on the curvature supertensor and gravitino 
superfield strength: Rated =+ (1/2) fed'' ^Rabef, T ab'^ =+ {I / 2) f ab"^ T ^d^ wliem fabed are 
octonionic structure constant generalized to 8D, satisfying /[4] = +(l/4!)e[4] W' with 
^12 8 ~ '^'^ [6] [4]- However, as in global supersymmetric case [16], these conditions are 
not enough to guarantee the total consistency. The reason is that some terms produced by 
applying spinorial derivatives to these conditions may not vanish consistently. The third key 
point is that we need to impose the extra condition on the undotted spinorial components: 

V« = T'c^/jV^ = (W)« , V = ^^{2P + f) , f=±r^<^\^^^ , (3.1) 

where P is the positive chiral projection: P =(/ + 79)/2, while V is the projector of the 
positive chirality space further into 1 in 8—^7 + 1 under 5*0(8) 5*0(7), satisfying 
V'^ = V [4] [16]. In other words, even though we do not explicitly write the projector V for 
the undotted indices, it should be always understood as an implicit projection from now 
on. The necessity of this projection is similar to the globally supersymmetric case [16]. 

""^We use the bars for fermions with negative chiralities. This should not be confused with the 'bars' used 
in the Majorana spinors in the previous section. 
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Accordingly, we will also see that the field strength Habc and Vo</? should be related by 
octonionic generalized duality, and the field strengths Fab and Gab are proportional to 
each other, in addition to their own self-dualities. 

Eventually, our extra set of constraints needed for supersymmetric self-duahty in 8D has 
been found to be 

X, = , (3.2a) 
Tab^ = , (3.2b) 

tI;^'^ = Nab''" TJ = , Nab'" = \{ha^b-\' ' fab"') , (3.2c) 
^aV = ^fa'^'Hbcd , (3.2d) 

F^;^ = Nab'''F,,^Q , Gil^ = Nab^'G.a = , (3.2e) 
f!.:^ = Glt^ , (3.2f) 

RaU = Nab'^Rabef = . (3.2g) 

Note that we require the self-duality only for the last pair of indices cd on Rabcd in (3.2g), 
but not for the first one. This is due to the existence of torsion component Tab'' which 
makes the Rabcd not symmetric under the exchange ab <-> cd, as (2.6c) shows. 

We can confirm the consistency among the constraints in (3.2), by taking their spinorial 
derivatives, such as V aXp ^ for (3.2a). Some remarks are in order for this confirmation, 
in turn: 

(i) VaX^ = 0: The proof of this equation requires the important identity [6] [4] 

V^ll)=VP'''^^cd = ltl)r = Q , Pab'"' = +l{hah-\''+\fab''') , (3.3) 

which can be confirmed by the use of other more basic identities, such as [6] [4] 

f\b^-Pfa^''\d-\PfU"\m ' (3-4a) 

fabcdf'^' = -ha^b^^cf + Ihab^'^^cf ■ (3.4b) 

The proof of (3.3) is straightforward but technically involved. Other identities to be used 
for this sector (i) are [6] [4] 

laf = +\fa^''\-^P , ha=-\Pfa^''\-^ , Vf = +Uf = +fV , (3.5a) 

^[«l/^|6c]p = -24/«^"'^7^P - 367"^"P , (3.5b) 

7[„/7,] = +2Nfab'"'lcd , fabcdN'"'f = -6Nab'^ . (3.5c) 



(ii) V^ah^ = 0: The proof of this equation requires the important identities 



V^ahV = Q , (3.6a) 

(7'r„6)^(7cX)' = <^7'(^a6X)-i(7'l7'(^a67deX) ■ (3.6b) 

The identity (3.6a) can be proven with the aid of more basic ones, such as 

{/,7„J = -2P/„,'='^7ed . (3.7) 

(iii) VgTai,^^ = 0: This equation is easy to confirm by the vanishing of the r.h.s. Note, 
however, the important fact that the indices at on the curvature supertensor Rcdab satisfy 
the self-duahty condition (3.2g). This enables us to show the vanishing of the r.h.s. after 
taking the spinorial derivative. 

(iv) Vq [ Va</7 — (6-\/6)~^/al^]i7[3] ] = 0: This equation is rather straightforward, and we can 
easily show that all the terms in the r.h.s. vanish, upon using the constraints in (3.2). 

(v) Va-fafe = and Vapab ^ 0- These are easy to prove, upon using the self-duality 
(3.2c). 

(vi) Va{Fab — Gab) = 0: This equation is also easy to satisfy with no nontrivial identity 
needed. 

(vii) VaRbcde = 0- The proof of this equation needs the supercurvature Bid at d — 5/2, 
starting with WaRbcde + • • • = 0. Interestingly enough, when the first term is expressed in 
terms of the remaining terms, after the projection of dc into the anti-self-dual components, 
all the terms vanish upon using the constraints in (3.2). This concludes the confirmation of 
all the spinorial derivatives of the constraints in (3.2). 

As the main result of this paper, we collect below our superspace constraints for N — 
(1, 0) self-dual supergravity with the reduced holonomy Spin{7):^ 

To.i' = T^/i i T. i Tj = , (3.8b) 

f., = - j,^,, . F.. 4 - , F . 4 , (3.8d) 

^Note that the &ar-symbol in expressions like (x7 x) = X.(7 j) • -X. symbolizes the dottedness, different 

cd ^ ca a/3 ^ 

from the case for Majorana spinors in the last section. 



Gap — + '^^al3 



G.. = - 4=5.. , 

a/3 V2 a/3 ' 



T 

a/3 

T •'^ 

0/3 



3i 
V6 



G . = 

a/3 

+ T. ^ , 

^a ' 



a/3 V" ^) 

= ' = , 

-Ra/3cd = — 2\/25a/3-Fcd , -^-^. = -^^, = , 

^ a/3cct a/3cc! 

Rabcd^ +'i{lbTcd)a , ^abcd^^ ' "^a&J = ' 
"^aHbcd^ - l{l[bTcd])a , ^a^bcd^^ , 
^a^bc = - 75^6ca ' ^^P^bc = , 
^-yTj = + V2{Y)j'VcFab , 



(3.8e) 
(3.8f) 

(3.8g) 

(3.8h) 
(3.8i) 
(3.8j) 
(3.8k) 

(3.8^) 
(3.8m) 
(3.8n) 
(3.8o) 
(3.8p) 
(3.8q) 



As has been stated before, all the undotted spinorial components are projected into the 
T'-subspace, e.g., T — ^ — —iiVY) ^ which we do not write explicitly. Needless 

to say, the component supersymmetry transformation rule can be easily constructed from 
these constraints, following the general prescription in p. 323 of [13]. 

Finally, our gravitino, graviton, and the antisymmetric tensor superfield equations turn 
out to be very simple in our system 



i{j'Tab)j-2V3i{j'x)jFab^0 , 

iVaX.-ih''x)^Haf,c^O , 
Rab^ -2^/3VaV6(^ , 



(3.9a) 
(3.9b) 
(3.9c) 
(3.9d) 



We use the symbol = also for superfield equations here, to stress the usage of self-duality 
conditions in (3.2). By taking the 7'' -multiplication by (3.9a) or (3.9b), and taking the 
a6-trace of (3.9c), we get respectively the dilatino and dilaton superfield equations which are 
similar to the lOD case of BFFC [10]. 
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4. Reduced Holonomy Spin{7) 

As has been mentioned, (3.2g) implies the consistency of our system with reduced 
Spin{7) holonomy [2] [4] [5]. This is because the supersymmetry transformation of the 
Lorentz spinor connection ^^cd is given [13] by (3.8m) as 

SQ<f>,cd--'H'^cd) , (4.1) 
which is consistent with the self-duality of the last two indices on (p^^^: 

hca - + -M'^ef ' (4-2) 

and is based on the self-duality Ted = +i)'/'^)fcd^^Te/- This also means that the original 
5*0(8) holonomy has been now reduced to S'7«'n( 7), and the indices cd on 0bcd are in the 
21 of Spiniy) reduced from the 28 of 50(8). The important ingredient here is that 
our BFFC have been compatible with such a requirement. If we choose a different set of 
constraints away from the BFFC, then there generally arise additional terms in (4.1), which 
result in 

^Qhcd = -^i^\Tcd) + a{e-i^Td\b) (« 7^ 0) , (4.3) 

which are not compatible with the self-duality of the original 0^^^, because of the index 
structure of the last term. To avoid this obstruction, we have made the bosonic torsion 
component Tab^ (2.2h) non-vanishing, in order to absorb such unwanted terms. 

The gravitational superfield equation (3.9c) is also consistent with the self-duahty of the 
Riemann supercurvature. This is easily seen by using the identity (2.6b), as 

Rac — ^^'^Rabcd = + \fc^^^ Radef — +^f/^^ Raldef~\ 

^ -2V3Va{^j/'^Hdef) = -2V3V„Ve<^ . (4.4) 

This is nothing but the torsion-full generalization of the usual Ricci flatness derived from 
the self-duality of a torsion- less Riemann tensor [4] . 

As careful readers may have noticed, the counting of physical degrees of freedom in this 
system needs special care. First of all, the self-dual graviton e,„° has (3x4)/2 — 1 = 5 on- 
shcll degrees of freedom, where the number 3 is from the self-duality condition that halves 
the original transversal components 8 — 2 = 6 into 3. Similarly, for the self-dual chiral 
gravitino ^/'m", the degrees of freedom counts like 3 x 4 = 12, where 3 is from the self- 
duality, while 4 is from the chirality. In the case of the tensor Cmn and the dilaton ip, the 

10 



former has originally (6 x 5)/2 = 15 degrees of freedom, while </? has one. After imposing 
the condition (3. 2d), the total 15 + 1 will be halved to 8. For the vectors A^^ and S^, they 
have originally 6 + 6 transversal degrees of freedom, which are also halved to be 3 + 3 by 
the duality conditions (3.2e). However, we have additional relationship (3.2f) between them 
reducing 3 + 3 further down to 3 degrees of freedom. The dilatino has simply 

4 on-shell degrees of freedom as a chiral spinor in 8D. In total, we have 5 + 8 + 3 = 16 for 
the bosons, and 12 + 4 = 16 for the fermions, i.e., the balance of on-shell degrees of freedom 
is 16 + 16. Thus we see a considerable reduction in the degrees of freedom from the original 
48 + 48 before imposing any supersymmetric self-duality conditions (3.2). 

Note that the success of our formulation is based on the elaborate combination of the 
peculiar feature of the octonionic structure constant fabcd leading to generalized self-duality, 
the fermionic chirahty projection, and the usage of BFFC constraints, all closely related to 
each other consistently in superspace. 

5. Concluding Remarks 

In this paper, we have established self-dual chiral N = (1, 0) supergravity in Euclidean 
8D, with the reduced holonomy Spin{7). To our knowledge, this is the first complete 
version of such a formulation for local supersymmetry in 8D, including all the higher-order 
terms, based on the octonionic structure constants fabcd- After imposing the supersymmetric 
generalized self-duality conditions in (3.2), we see that the original 48 + 48 on-shell degrees 
of freedom of the whole multiplet are reduced to 16 + 16. 

We see that the special features of octonions make it possible to formulate such gen- 
eralized self-duality conditions compatible with local supersymmetry in 8D. This has been 
reahzed by adopting a very particular set BFFC in lOD. The BFFC not only drastically 
simplify the computation, but also make the generalized self-duality conditions compatible 
with supergravity. Our result here is made possible by special combinations of superspace 
technology in the past, such as BFFC and self-duahty supergravity theories in 4D, and most 
importantly, the peculiar feature of the octonionic structure constants fabcd associated with 
the projector V. We see that the usual concept of self-duality is generahzed in terms of 
fabcd in 8D, as in the globally supersymmetric case [6] [4] [16]. 

It has been expected that a formulation for self-dual supergravity in 8D should be highly 
'geometrical', and thus mathematically beautiful. However, we have found this statement 
only 'partially' true. It is true in the sense that our superspace formulation gave a very clear 
description of such self-duality in 8D supergravity via geometrical Bids. It is also true in the 
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sense that the very special choice of BFFC drastically simplified the whole computation, such 
as disappearance of dilaton exponents, or vanishing fermionic components F^b, G^b and 
Hgibc- Nevertheless, we also point out that the actual supergravity is more involved than so- 
called Chern-Simons (CS) type theory formulated in terms of cohomology and superalgebra 
[17], or BRST topological formulation [9]. The reason is that in contrast to CS-type formu- 
lation, 'Poincare' supergravity is based on actual diffeomorphisms for translations. A typical 
comparison can be done with so-called CS supergravity [17], where local 'supersymmetries' 
are realized in terms of superalgebra. The difference in these theories from our 'Poincare' 
supergravity is that the commutators of two supersymmetries in CS theory [17] do not yield 
diffeomorphism as the translation operation on all the fields.^ This diffeomorphism associated 
with Clifford algebra makes the whole computation considerably non-trivial. Additionally, 
it is this non-triviahty that has necessitated the case of the particular set of BFFC. 

Our work here can be viewed as the locally supersymmetric generalization of our previous 
work [16] on global supcrsymmctry in 8D [18]. As it is clear for readers who followed technical 
details, the peculiar features of octonionic structure constant used in this paper arc parallel 
to global supersymmetry [18] [16]. Even though global self-dual supersymmctry was easier 
in component language [16], the success of our formulation in this paper is due to the 
usage of superspace language. This is because a parallel computation in component would 
generate messy higher-order terms, such as quartic fermion terms requiring considerable 
effort to manage in a closed form. Additionally, even though there has been superspace 
formulation for global supersymmetries for generalized self-dualities in D > 4 [19], our 
result here is compatible with local supersymmetry thanks to the particular set of BFFC. 
It is the superspace formulation with the particular BFFC that played a decisive role for 
the simplified consistency between octonionic structure constant, supersymmetry, fermionic 
chirality and generalized self-duality in 8D. 

There are similarities and differences between our self-dual supergravity in 8D and self- 
dual supergravity in 4D [7] [8]. The most important similarity is the role of chiral spinors 
playing a crucial role, closely related to the elimination of the anti-self-dual components. 
The most important difference is the introduction of the reduced holonomy Spin{7) gov- 
erned by octonionic structure constant fabcd- Even though the reduction of holonomy from 
S'0(2,2) into SU{1,1) also exists in 4D self-dual supergravity correlated with chirality 
projection [7] [8], our 8D case differs due to the crucial role played by fabcd- 

We have dealt in this paper with the holonomy Spin{7) reduced from the maximal one 

^For example, the commutator of two supersymmetries on the tensor field 6"'"^'^* in IID CS supergravity 
in [17] does not induce the usual diffeomorphism on this field. 
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so (8) in 8D. We stress this important feature of supergravity is in a sense analogous to 
the recent development in supergravity with no manifest Lorentz covariances in dimensions 
D > 12 [20]. It seems that this feature of reduced or non- manifest holonomy has become 
more and more common in higher-dimensional supergravity theories in D > A. 

Our formulation has been performed only in compact Euchdean 8D, that has the closest 
relationship with compactifications. However, we also mention an alternative possibility 
of formulating with non-definite signature, such as D — A. This is because there is a 
different set of octonions in 7D with signature D — 4-1-3 [21]. Such a theory may have closer 
hnk with integrable systems in lower-dimensions, as the self-dual theories in D — 2-\-2 that 
have links with integrable models in £) < 3 [22] [7] [8] . 

Our theory in this paper can also serve as an underlying theory of all the possible lower- 
dimensional self-dual supergravity theories in D < 7. This is because once superspace 
formulation has been established in 8D, we can apply the dimensional reduction technique 
developed for dealing with the backgrounds for Green-Schwarz superstring in [23]. Such 
dimensional reductions in superspace are supposed to generate lower-dimensional (self-dual) 
supergravities in D < 7, similarly to the component case from 8D into 7D for global 
supersymmetric self-dual theories demonstrated in our recent paper [16]. 



Note added: After this paper had been completed, we came across a new paper [24] where 
self-dual supergravity in 8D based on BRST symmetry was presented with lower-order terms 
after gauge-fixings, in essential agreement with ours. 



References 



[1] C. Hull and P.K. Townsend, Nucl. Phys. B438 (1995) 109; E. Witten, Nucl. Phys. B443 (1995) 85; P.K. Townsend, 
'Four Lectures on M-Theory', in 'Proceedings of ICTP Summer School on High Energy Physics and Cosmology', 
Trieste (June 1996), hep-tli/9612121; 'M-theory from its Superalgebra', hep-th/9712004; T. Banks, W. Fischler, 
S.H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112. 

[2] E. Corrigan, C. Devchand, D. Fairie and J. Nuyts, Nucl. Phys. B214 (1983) 452; R.S. Ward, Nucl. Phys. B236 
(1984) 381; A.K. Das, Z. Khvicngia and E. Sezgin, Phys. Lett. 289B (1992) 347, hep-th/9206076; K. Sfetsos, 
Nucl. Phys. B629 (2002) 417, licp-th/0112117. 

[3] M.A. Awada, M. J. Duff and C.N. Pope, Phys. Rev. Lett. 50 (1983) 294; M.J. Duff, B.E.W. Nilsson and C.N. Pope, 
Phys. Rev. Lett. 50 (1983) 2043; D.D. Joyce, J. Diff. Geom. 43 (1996) 291; ibid. 43 (1996) 329. 

[4] M. Giinaydin and H. Nicolai, Phys. Lett. 351B (1995) 169; Phys. Lett. 376 (1996) 329 hcp-th/9502009; 
B.S. Acharya and M. O'Loughlin, Phys. Rev. D55 (1997) 4521, hep-th/9612182; L Bakas, E.G. Floratos and 
A. Kehagias, Phys. Lett. 445 (1998) 69, hep-th/9810042; E.G. Floratos and A. Kehagias, Phys. Lett. 427B 
(1998) 283, hep-th/9802107; N. Hitchin, 'Stable forms and Special Metrics', math.DG/0107101; M. Cvetic, 
G.W. Gibbons, H. Lu, C.N. Pope, Nucl. Phys. 617 (2001) 151, hep-th/0102185; Phys. Rev. D65 (2002) 106004, 



13 



hep-th/0108245; B. Acharya and E. Witten 'Chiral Fermions from Manifolds of G(2) Holonomy', RUNHETC- 
2001-27, hep-th/0109152; A. Brandhuber, Nucl. Phys. B629 (2002) 393, hep-th/0112113; S. Gukov and J. Sparks, 
Nucl. Phys. B625 (2002) 3, hep-th/0109025; A. Bilal, J.-P. Derendinger and K. Sfetsos, Nucl. Phys. B628 (2002) 
112, hep-th/0111274. 

[5] For reviews, see, e.g., M. Atiyah and E. Witten, Adv. Thoor. Math. Phys. 6 (2003) 1, hep-th/0107177; M.J. Duff, 
'M-Theory on Manifolds of G(2) Holonomy: The First Twenty Years', Talk given at 'Supergravity at 25' (Stony 
Brook, Dec. 2001), hep-th/0201062; L. Anguelova, C.I. Lazaroiu, JHEP 0301 (2003) 066, hep-th/0204249; and 

references therein. 

[6] M. Giinaydin and F. Giirsey, Jour. Math. Phys. 14 (1973) 1651; M. Giinaydin and C.-H. Tze, Phys. Lett. 127B 
(1983) 191; B. de Wit and H. Nicolai, Nucl. Phys. B231 (1984) 506; Phys. Lett. 351B (1995) 169; 
Phys. Lett. 376B (1996) 329, hcp-th/9502009; S. Fubini and H. Nicolai, Phys. Lett. 155B (1985) 369; D.B. Fairlie 
and J. Nuyts, Jour. Phys. A: Math. Gen. 17 (1984) 2867; R. Diindarcr, F. Giirsey and C.-H. Tze, Nucl. Phys. B266 
(1986) 440. 

[7] W. Siegel, Phys. Rev. D47 (1993) 2504, hep-th/9207043; Phys. Rev. D48 (1993) 2826, hep-th/9305073. 

[8] S.V. Ketov, H. Nishino and S.J. Gates, Jr., Phys. Lett. 307B (1993) 323, hcp-th/9203081; H. Nishino, S.J. Gates, 
Jr., and S.V. Ketov Phys. Lett. 307B (1993) 331, hep-th/9203080; S.J. Gates, Jr., H. Nishino and S.V. Ketov 
Phys. Lett. 297B (1992) 99, hep-th/9203078; S.V. Ketov, H. Nishino and S.J. Gates, Jr., Nucl. Phys. B393 
(1993) 149, hep-th/9207042. 

[9] L. Baulieu, M. Bellon and A. Tanzini; Phys. Lett. 543B (2002) 291, hep-th/0207020. 

[10] M.T. Grisaru, H. Nishino and D. Zanon, Phys. Lett. 306B (1988) 625; Nucl. Phys. B314 (1989) 363. 

[11] S.J. Gates, Jr. and S. Vashadkitze, Nucl. Phys. B291 (1987) 172. 

[12] A. Salam and E. Sezgin, Phys. Lett. 154B (1985) 37. 

[13] S.J. Gates Jr., M.T. Grisaru, M. Rocek and W. Siegel, ' Superspace' , Benjamin/Cummings, Reading, MA, 1983. 

[14] T. Kugo and P.K. Townsend, Nucl. Phys. B211 (1983) 157; 'Supergravity in Diverse Dimensions', Vols. 1 & 2, 
A. Salam and E. Sezgin, eds., North-Holland, World Scientific (1989); and references therein. 

[15] N. Dragon, Zeit. fiir Phys. 2C (1979) 29. 

[16] H. Nishino and S. Rajpoot, 'Octonions, G2 Symmetry, Generalized Self-Duality and Supersymmetry in Dimen- 
sions D < 8', CSULB-PA-02-5, hcp-th/0210132. 

[17] M. Banados, R. Troricoso and J. Zanelh, Phys. Rev. D54 (1996) 2605, gr-qc/9601003; J. ZaneUi, Braz. J. Phys. 30 
(2000) 251, hep-th/0010049. 

[18] B.S. Acharya, M. O'Loughlin and B. Spence, hep-th/9705138, Nucl. Phys. B503 (1997) 657. 

[19] C. Devchand and J. Nuyts, JHEP 0112 (2001) 02, hep-th/0109072 

[20] H. Nishino, Phys. Lett. 428B (1998) 85, hep-th/9703214; Phys. Lett. 437B (1998) 303, hep-th/9706148; 
Nucl. Phys. B542 (1999) 217, hcp-th/9807199. 

[21] M Giinaydin, private communication. 

[22] A.A. Belavin, A.M. Polyakov, A.S. Schwartz and Y.S. Tyupkin, Phys. Lett. 59B (1975) 85; R.S. Ward, 
Phys. Lett. 61B (1977) 81; M.F. Atiyah and R.S. Ward, Comm. Math. Phys. 55 (1977) 117; E.F. Corrigan, 
D.B. Fairlie, R.C. Yates and P. Goddard, Comm. Math. Phys. 58 (1978) 223; E. Witten, Phys. Rev. Lett. 38 
(1977) 121; M.F. Atiyah, unpublished; R.S. Ward, Phil. Trans. Roy. Lond. A315 (1985) 451; N.J. Hitchin, 
Proc. Lond. Math. Soc. 55 (1987) 59. 

[23] H. Nishino, Nucl. Phys. B338 (1990) 386. 

[24] L. Baulieu, M. Bellon and A. Tanzini, 'Supergravity and the Knitting of the Kalb-Ramond Two-Form in Eight- 
Dimensional Topological Gravity'. LPTHE-03-11; hep-th/0303165. 



14 



